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A number of multidisciplinary design optimization (MDO) problems are characterized by the presence
of discrete and integer design variables, over and beyond the more traditional continuous variable prob-
lems. In continuous variable design problems, the design space may be nonconvex or even disjointed.
Furthermore, the number of design variables and constraints may be quite large. The use of conventional
gradient-based methods in such problems is fraught with hazards. First, these gradient-based methods
cannot be used directly in the presence of discrete variables. Their use is facilitated by creating multiple
equivalent continuous variable problems; in the presence of high dimensionality, the number of such
problems to be solved can be quite large. Second, these methods have a propensity to converge to a
relative optimum closest to the starting point, and this is a major weakness in the presence of multimo-
dality in the design space. This paper primarily focuses on the use of nontraditional optimization methods
in such problems, broadly classified today as soft computing strategies. These methods include techniques
such as simulated annealing, genetic algorithms, Tabu search, and rule-based expert systems. It also
examines issues pertinent to using these methods in MDO problems.

Introduction

T HE field of multidisciplinary optimization has witnessed
a healthy growth over the past decade.1'4 This activity

has been largely motivated by a recognition that the design
and development of a complex system, which typically in-
cludes analysis input from many different disciplines, can no
longer be conducted in isolation. An increased level of com-
plexity within subdisciplines, and the need to extract the ad-
vantages of a synergistic design process, dictate the need for
a more comprehensive strategy. Generic solution strategies for
multidisciplinary systems4'5 have evolved more recently, and
are applicable to the problem of multidisciplinary design. In
general, the multidisciplinary design optimization (MDO)
problem is characterized by the presence of a large number of
design variables and constraints, and analysis from various
contributing disciplines that are not completely independent;
one- or two-way couplings may exist between two or more
disciplines. In an approach where the coupled multidisciplinary
problem is treated as a single, large-scale optimization prob-
lem, the following difficulties have been identified.

1) The dimensionality of the design space may increase to
a degree that obtaining reliable solutions to the optimization
problem is rendered questionable when using traditional math-
ematical programming methods. Furthermore, there is a di-
minished capacity to evaluate the acceptability of solutions in
higher-dimensionality design spaces.

2) For an iterative analysis environment that is typical of
optimization, the presence of coupling between disciplines
would introduce an inner loop of iteration (analysis iteration)
that adds to the computational costs.

3) Although not specific to multidisciplinary design prob-
lems alone, in many instances the design space can be non-
convex or even disjointed. Such characteristics call for the use
of nontraditional search techniques that do not have a propen-
sity to seek the nearest relative optimum from a nominal start-
ing solution.
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The problems just identified do not disappear by simply re-
verting to nongradient methods for optimal search. Indeed,
some problems, such as higher computational costs, are further
compounded in adopting these techniques. Nevertheless, these
search methods have received increased attention, primarily
because of their lack of dependence on gradient information,
a more robust approach to handling discrete and integer design
variables, and for an enhanced ability to locate the globally
optimal solution.

Exhaustive enumeration and random search methods are
among the simplest and most robust nongradient strategies that
can be used in searching for an optimal design. These methods
are applicable to a broad class of problems, and are not limited
by discontinuous design spaces as are the majority of gradient-
based techniques derived from mathematical programming
principles. A similar statement can also be made about a mul-
titude of zero-order methods in mathematical programming
such as the Nelder-Mead simplex method,6 complex method
of Box,7 the Hooke-Jeeves pattern search,8 Rosenbrock's
method,9 and Powell's conjugate direction method.10 However,
as stated earlier, there is usually a stiff computational require-
ment associated with the use of these methods, particularly as
the design problem grows in size. The issue of computational
costs is also a concern in methods such as random walk and
random walk with direction exploitation, which represent an
improvement over simple enumerative techniques. Recently,
emerging computational paradigms that have their philosoph-
ical basis in physical processes such as natural evolution and
laws of thermodynamics, use random sampling as a tool to
guide a highly exploitative search process. These methods
have emerged as potent tools for locating optimal designs in
problems that are generally regarded as difficult. The compu-
tational requirement associated with the use of these methods
in problems with increasing dimensionality continues to be
excessive, necessitating their use in conjunction with function
approximations.

While the issue of handling design problems with a mix of
continuous, discrete, and integer design variables, nonconvex
or disjoint design spaces, and unavailability of gradient infor-
mation, is somewhat addressed through the use of simulated
annealing (SA) and genetic algorithm (GA) approaches, there
continues to be a need for adapting these techniques to large-
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Fig. 1 Top-down hierarchical system.

Fig. 2 Nonhierarchical system.

scale problems. There has been some progress in extending
GAs to large-dimensionality problems,11 where all design var-
iables are simultaneously considered. An alternative approach
borrowed from the use of standard mathematical programming
search algorithms is the use of problem decomposition strat-
egies. In this approach, a large-scale problem is represented
by two or more smaller subproblems that are weakly coupled.
The form of coupling may be hierarchic in nature, where there
is a well-ordered flow of information from one level to another
(Fig. 1). More generally, however, such hierarchy is difficult
to establish, and the majority of design problems are repre-
sented by subproblems with multiple one- and two-way cou-
plings (Fig. 2). While decomposition allows for reduced di-
mensionality, there are attendant problems with the approach.
In addition to identifying a topology for decomposition, there
is a need for a method to account for the interactions between
the temporarily decoupled subproblems. Given the absence of
gradients that are generally used to coordinate subproblem so-
lutions,12 alternative strategies must be investigated.

The development of design systems like ENGINEOUS,13

and its more recent form iSIGHT,14 which are a combination
of algorithmic and heuristic procedures, are typical of efforts
that have grown out of a recognition of inadequacies of tra-
ditional design techniques. Such methods augment traditional
search techniques with rule-based expert systems, changing pa-
rameters of the algorithm in an opportunistic manner depen-
dent upon the progress of the solution procedure. Such meth-
ods do suffer from a problem typical of most rule-based
systems, the rule base is defined at the outset and does not
have the capacity to learn new rules from the problem domain.
Computational paradigms that use GA search procedures to
develop machine learning capabilities offer a potential to cir-
cumvent some of these problems. Other quasiheuristic methods
such as Tabu search have also received recent attention in the
design literature.

This paper first presents a very basic overview of zero-order
methods of mathematical programming that are applicable to
the search phase of the MDO problem. A similar treatment is
then presented for techniques that use random sampling as an
engine to direct the search process. In this overview, a dis-
tinction is made between methods that are useful for local
search vs those that are configured to search for globally op-
timal solutions. The discussion then turns toward those addi-
tional requirements that must be met if these methods are to
be used in MDO, particularly the issues of function approxi-
mations and use in large-scale problems. The subject of re-
sponse surfaces and artificial neural networks is briefly dis-
cussed in this context. Some newly emerging concepts, such
as modeling of the biological immune system15 and ma-
chine learning,16'17 are then discussed, particularly in refer-
ence to their implications in obtaining solutions to MDO prob-
lems.

Zero-Order Methods for Local Search
This class of methods can be subdivided into deterministic

and stochastic methods, and these will be treated in order.

Deterministic Search Methods
Zero-order methods require only function evaluations, and

a commonly used approach in this class of methods, applicable
to problems with continuous variables, is the Nelder-Mead
simplex strategy.6 The figure obtained by joining a set of n +
1 points in an n-dimensional space is referred to as a simplex;
in a two-dimensional space, the simplex would be a triangle.
Values of the objective function at each of the n + 1 points,
also referred to as vertices, are first computed. The basic step
in the approach is referred to as the reflection step, in which
the vertex with the worst objective function value is reflected
onto the opposite face, creating a new simplex. This step fol-
lows an assumption that such reflection will get the search
pointed away from the worst point in a direction with a more
favorable objective function value. With a fixed-size simplex,
a cycling among vertices may occur, and is typically fixed by
expanding or contracting the size of the simplex. This process
is repeated until no further improvement in the objective or
constraint functions are obtained.

Other commonly used methods in this class of zero-order
solution techniques are the complex method, the pattern search
of Hookes and Jeeves,8 the Rosenbrock method,9 and Powell's
method.10 These methods are predicated on learning about the
shape of the design space through a series of exploratory
searches, and assist in locating the optimal point in a fixed
number of steps. Powell's method of conjugate directions, for
example, uses the conjugacy property to select search direc-
tions.10 This property assures that the optimal point of a n-
dimensional quadratic function can be located by searching in
n or fewer directions that are conjugate to one another. While
a detailed explanation of the conjugacy property is beyond the
scope of this paper, it suffices to state that two vectors, Sl and
S-7', are considered conjugate if (S')TV2F(SJ) = 0, where V2F
is the Hessian matrix of the function F that is to be minimized.
The Hessian matrix is never actually computed in practice.
Instead, the approach is to use the ^-orthogonal directions that
would result from univariate moves in an n-variable problem
as the first set of search directions. A conjugate direction is
then constructed as

S"+1 = (i)

and an optimal step size in this direction is then computed.
This newly constructed search direction then displaces the first
search direction S', and Eq. (1) is used to compute the next
conjugate direction. Even though all engineering design prob-
lems are not quadratic, a large fraction of these problems can
be approximated as quadratic functions close to the optimum.
The method of Hooke and Jeeves8 and the Rosenbrock's
method9 are similar in concept, in that exploratory searches are
used to assess the shape of the design space. It uses informa-
tion derived in this way to accelerate convergence of the search
process.

Status and Potential
These methods have been widely used in unconstrained op-

timization, and work best in problems with relatively few var-
iables. They are, however, local search techniques, and will
locate the nearest relative optimum from the starting point.
With the exception of the simplex method, the efficiency of
other techniques mentioned earlier is dependent on how well
the objective function can be represented through a quadratic
approximation. The use of these methods in the presence of
design constraints is accommodated by converting the con-
strained problem into a sequence of unconstrained problems,
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also referred to in the literature as the penalty function ap-
proach. This strategy, however, adds further to the computa-
tional costs.

Random Search Methods
Random search methods are generally easy to implement,

and are useful in problems involving nonconvex design spaces,
discontinuities in gradients, and problems with a mix of con-
tinuous, discrete, and integer design variables. A common de-
nominator in each of these methods is the use of random num-
bers to assist in the exploration of the design space, and a
number of different variants may be considered.

Random-Walk

Approach
Consider the unconstrained optimization problem where an

objective function F(X) is to be minimized or maximized over
the design variables X E R", where the components of X given
as Xi are restricted to be within prescribed lower and upper
bounds Xf < X, < Xj7. In the random walk approach, the
design is modified at the t + 1 step as Xt+l = X' + aS*, where
a is a step-size parameter, and S' is an established direction
of search. The search direction is simply a unit random vector
generated at the i'th stage, by using a random number generator
to create a total of n pseudorandom numbers r l9 r2, . . . , rn
between — 1 and +1. The vector Sl can then be obtained as
follows:

where R = (2)

The new design point is evaluated and used to compute the
corresponding objective function value. If this new value is
lower than the current best (for minimization problems), the
current design is replaced with the newly computed design
point, and the process is repeated. If, however, a poorer value
of the objective function is obtained, a new search direction is
computed until a better design is identified, or an arbitrary
large number of new search directions have been evaluated
without an improvement in the objective function value. In
case of the latter, the step size is reduced, and the process is
repeated. When an improved design point cannot be identified,
even after reducing the step size to a prescribed small value,
the process is terminated. A further improvement of the ran-
dom walk search technique has been demonstrated by requir-
ing that each favorable search direction be exploited to its
maximum capacity. In any search direction where the objective
improves, a one-dimensional search is conducted to obtain an
optimal value of the step size in that direction.

Random search methods are clearly dependent on the ran-
dom number generation sequence. A pseudorandom number
generator is typically used for this purpose, which requires a
seed number to be specified by the user. Given this depen-
dence, it would be prudent to run the search for many different
values of the random number seed. The reader should recog-
nize, however, that this adds to the computational requirements
of the search strategy.

Status and Potential
The random walk method is generally considered to be well

developed. It is easy to implement and use for mixed variable
problems, but severely limited in application; the approach
would be considered untenable for even problems with mod-
erate dimensionality. Also, with the exception of random enu-
meration methods, the approach still retains some character-
istics of a local search.

Methods for Global Search
As in the previous section, it is worthwhile to distinguish

between deterministic and stochastic search techniques that
feature attributes of global search. Global optimization meth-
ods have received considerable attention in the optimization
literature, and are generally categorized according to the prob-
lem to which they are applicable. Among the most important
classes of global optimization problems are differential convex
optimization, minmax problems, bilinear and biconvex pro-
gramming, and quadratic programming problems. In general,
there has been greater focus on applying these methods to
unconstrained optimization problems or to constrained prob-
lems with simple bound constraints; the subject of global op-
timization with general nonlinear functions and constraints re-
mains a field for further work. A good reference to global
optimization methods is available in Ref. 18; however, this
source leans heavily toward deterministic methods. Reference
19 provides a collection of real-world applications in global
optimization.

Deterministic Global Search
Among the deterministic methods for the solution of uncon-

strained problems or those with simple bound constraints, par-
titioning methods have been used with some success. These
methods rely upon a priori knowledge of how rapidly the func-
tion can vary on the basis of the Lipschitz constant,19 or on
the availability of an analytic formulation of the objective
function.20 The latter are referred to in the literature as interval
methods. The basic design of interval methods does not require
gradient information; however, the efficiency of these methods
can be enhanced. Another deterministic global search strategy
that has been widely used is that of sequential quadratic pro-
gramming.21 This approach, however, is based on the approx-
imate representation of the objective function as a quadratic
function, constrained by linear equality and inequality con-
straints. The solution guarantees a globally optimal solution,
but only to the approximate problem. Hence, the quality of
solution is linked to how well the sequence of quadratic pro-
gramming problems represents the original problem.

The reader is also alerted to strategies for global optimiza-
tion that are referred to as clustering methods.22 These can be
viewed as a modified form of standard multistart procedures,
where local searches are conducted from several points dis-
tributed over the search domain. These methods attempt to
overcome the principal deficiency of multistart methods,
namely repeated identification of the same local minimum, by
carefully selecting points at which the local search is initiated.
Sample points in the search domain are selected and trans-
formed to group them around the local minima. Clustering
methods are then used to identify groups that represent neigh-
borhoods of local optima; redundant searches can be avoided
by simply starting from a local point within each cluster. Be-
cause many function evaluations are required to identify clus-
ters, the method is numerically expensive. Although the
method has been shown to be effective on low-dimensionality
problems, most of the development and application work has
been in the context of unconstrained optimization problems.
Also, although not a requirement, it is generally more efficient
to conduct the local searches using methods that are based on
gradient information.

Status and Potential
While the field of deterministic global optimization has been

very active, the focus has resided in looking at unconstrained
optimization problems. The usual methods of converting con-
strained problems into a sequence of unconstrained problems
would be applicable, although at a substantial increase in com-
putational costs. Also, the deterministic methods of global
search either require explicit functional forms of the objective
and/or constraint functions, or, in many instances, the availa-
bility of gradient information. Increased use of these methods
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in multidisciplinary design problems will require significant
new focus in handling constrained problems, and in strategies
that alleviate the required computational costs. The most prom-
ise appears to be in developing hybrid methods that combine
characteristics of local and global search in an advantageous
manner.

Stochastic Global Search
We next focus attention on some recently emerging global

optimization methods that have received considerable attention
in the design community. These methods use stochastic sam-
pling as a tool to guide highly exploitative search techniques
that are considerably more efficient than pure random sampling
or random-walk methods.

Simulated Annealing

Approach
Simulated annealing ideas are derived from principles of

statistical mechanics. In any physical system, the probability
pT(<t>) that at the given equilibrium temperature T, the system
is in a state </> is given by the Boltzmann distribution

£(4>)1
KT \ (3)

where K is the Boltzmann constant, £((/>) is the energy of the
state, and <f> represents all possible states that the system can
assume at that temperature. The process of annealing reduces
the temperature from some elevated point in a series of con-
trolled steps, so as to attain a minimal energy state for the
system. At a given temperature, random variations of the sys-
tem state are considered. If a state results in a lower energy
level, it is immediately accepted. If, however, a higher-energy
state results from the variation, it is only accepted with a prob-
ability /?, defined by the following ratio:

{-( (4)

Here, pT(<l>i) and pT(4>2) are probabilities of states cf>l and </>2,
respectively, as obtained from the Boltzmann distribution, and
state </>2 corresponds to a higher energy level than state <£,.
Note that with decreasing temperatures, this probability be-
comes increasingly lower, indicating that higher-energy level
states are more likely to be rejected at lower temperatures.

It is precisely this concept23 that is central to Kirkpatrick et
al.'s24 proposal to use a simulation of the annealing process for
optimization. Consider the objective function in an optimization
problem as the energy level corresponding to a particular design,
where the design is analogous to the state of the system. For a
high value of a parameter T, which is similar to the temperature
in Eq. (3), several random variations of the design are consid-
ered, and the objective function corresponding to each variation
is computed. If a variation results in an improved value of the
objective function, it is immediately accepted. If this is not the
case, and the objective function value increases, then the prob-
ability that this design is accepted is given by Eq. (4). The fact
that there is always a finite probability of going through a higher
energy state enroute to a final lower energy configuration, is the
mechanism that allows for an escape from a relative minimum.
A finite number of random variations are considered at a given
temperature to allow the attainment of an equilibrium state. The
number of random variations at each temperature and the rate
at which the temperature is lowered is collectively referred to
as an annealing schedule.

The initial value of the temperature T0, and the rate at which
this is lowered, has a profound influence on the performance
of the algorithm. This temperature must be set high enough so
that at least initially, all proposed states are accepted, and the
process is simply a random walk. Typically, T0 should be set

so that the ratio JJL of accepted moves to proposed moves
should be about 0.95. To determine the number of random
design variations at each temperature, a simple approach
would be to abandon further random trials when the objective
function value does not change for a prescribed number M of
design changes. Finally, the rate at which the temperature must
be lowered in the simulated annealing process is important; in
practice, it turns out that the very slow annealing schedule is
often unnecessary. However, this is highly problem dependent,
and some amount of numerical experimentation with a partic-
ular class of problems is generally recommended.

The approach has been studied extensively, both for its
mathematical basis25"28 and in a number of design applica-
tions.29^37 Recent applications of significance in the multidis-
ciplinary design context have been in image restoration and
reconstruction in medical diagnostics,38 and in airfoil design.39

The latter deals with the use of SA algorithms, coupled with
computational fluid dynamics based analysis, in designing air-
foils for drag minimization at subsonic and supersonic speeds,
as well as in alleviating the intensity of the sonic boom.

Status and Potential
The SA approach has been well-tried and tested in the de-

sign community. The scope and size of design problems has
been relatively modest, and additional effort is required in this
regard. The approach is readily applicable to problems with
discrete and integer design variables. However, it is primarily
set up for handling unconstrained function optimization. Ex-
tensions to constrained problems are usually done through the
penalty function formulation. A number of variations of the
basic SA approach are being considered, including SAs with
multistart strategies, which advocates multiple shorter runs of
the SA algorithm as an approach of enhancing efficiency and
global search capability. Similar research efforts are being di-
rected at implementing SAs in a parallel computing environ-
ment.

Genetic Algorithms

Approach
This algorithm is motivated by the hypothesized natural pro-

cess of evolution in biological populations, where genetic in-
formation stored in chromosomal strings evolves over gener-
ations to adapt favorably to a static or changing environment.
In Holland's40 original work, GAs were characterized by bit
string representations of possible solutions to a given problem,
and by transformations used to vary and improve these coded
solutions. The algorithm is based on an elitist reproduction
strategy, where members of the population that are deemed
most fit are selected for reproduction, and are given the op-
portunity to strengthen the chromosomal makeup of the prog-
eny generation. This approach is facilitated by defining a fit-
ness function or a measure indicating the goodness of a
member of the population in a given generation during the
evolution process. A good starting point for someone interested
in pursuing this field would be the book by Goldberg.41

To represent designs as chromosome-like strings, different
schemes may be adopted. As an example, the design variable
values can be in the decimal form,42 with a fixed number of
significant digits. The decimal numbers can be stacked head-
to-tail to create a string that represents the total design. Simi-
larly, integer numbers43 can be used to represent discrete values
of design variables. Alternatively, and perhaps the most widely
practiced approach is one where each design variable is con-
verted into its binary equivalent, and thereby mapped into a
fixed length string of Os and Is. In this case, the numerical
precision with which the design variable is represented is de-
termined by the string length. A number of such strings con-
stitute a population of designs, with each design having a cor-
responding fitness value Fv. This fitness value could be the
objective function F(X) for a function maximization problem.
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In the case of function minimization, at least two different
alternatives can be considered, as follows:

Fv = Fv = F* - F(X) (5)

where F* is an arbitrary large value that is greater than the
largest F(X) in the population. For constrained optimal design
problems, an exterior penalty function formulation can be
adapted to transform a constrained optimization problem into
an unconstrained one.

Once a chromosome-like representation of designs is avail-
able, simulations of genetic evolution and adaptation can be
invoked. An artificial gene-transformation mechanism is com-
posed of three principal components, namely, selection, cross-
over, and mutation.

Selection. The selection process is one that biases the
search toward producing more fit members in the population
and eliminating the less fit ones. One simplistic approach to
selecting members from an initial population to participate in
the reproduction is to assign each member a probability of
selection on the basis of its fitness. If Fv(i) is the fitness mea-
sure of the /th member, it can be assigned a probability of
selection

A = (6)

where NPOP is the population size. A new population pool of
the same size as the original is created, but has a higher average
fitness value. Note that no new designs are created in this pro-
cess; the less fit ones are simply eliminated and additional copies
of the more fit designs are brought into the population.

Crossover. The crossover process allows for an exchange
of design characteristics among members of the population
pool with the intent of improving the fitness of the next gen-
eration. While there are a number of different ways in which
the crossover operation can be implemented, a widely prac-
ticed approach is the two-point crossover. In this approach,
two mating parents are selected at random; the random number
generator is invoked to identify two sites on the strings, and
the strings of Os and 1 s enclosed between the chosen sites are
swapped between the mating strings. An illustration of the
crossover transformation for two mating strings, each with 20
bits is as follows.

Parentl = 110010010010011010

Parent2 = 0101 HOOD inOOl 000

Childl = 110011000110011010

Child2 = 010110010011001000

The crossover sites on the parent strings are identified by
the underlined bits. A probability of crossover pc is defined to
determine if crossover should be implemented for the chosen
pair of mating strings. An approach for implementing cross-
over when using real number strings is described in Ref. 42.

Mutation. Mutation safeguards the genetic search process
from a premature loss of valuable genetic information during
reproduction and crossover. The idea behind mutation is sim-
ply to choose a few members from the population pool ac-
cording to a probability of mutation /?,„, and to switch a 0 to
1 or vice versa at a randomly selected mutation site on the
chosen string.

Evolutionary programming (EP) and evolutionary strategies
(ES) are two other procedures that have been motivated by
natural evolution.44'45 These methods, like the GA, use trans-
formation operators such as selection, recombination (cross-
over), and mutation. However, the degree to which each op-

erator is emphasized in the algorithm is where the principal
differences can be found.

In EP, evolution of populations is done primarily through
selection and mutation; recombination is not directly imple-
mented although the contention is that the mutation operation
is flexible enough to achieve the characteristics of recombi-
nation. All N members of the population are considered as
parents, and mutated to produce N children. Using a probabi-
listic survival scheme, the best N of the 2N members then go
over to the next generation. Real valued numbers are often
used to represent the designs, and the mutation is normally
distributed with a zero expectation.

The ES approach was developed and most strongly practiced
in Europe. In this approach, a population of designs is evalu-
ated and a uniform random selection done to select the parents.
In a standard recombinative ES, pairs of parents produce chil-
dren via recombination, which are then further perturbed
through mutation. The number of children may be greater than
N, and either the N best children are selected to replace all
parents, or the best N out of the children and parents retained
as the next generation of parents. The emphasis is again given
to mutation operation, by adaptively selecting the mutation rate
for each variable that is normally distributed with a zero ex-
pectation. Note, however, that recombination is included, and
this is in contrast to the EP. Design representations, however,
are based on real numbers like in the EP approach, and aver-
aging recombination is introduced to produce children with
different characteristics than the parents.

Status and Potential
These methods are well entrenched in the research literature,

and have been successfully applied to a number of combina-
torial optimization problems. Further progress will hinge upon
adaptation of the strategies in large-scale problems, and on
more robust approaches to treatment of constrained optimiza-
tion problems. Additional comments on these aspects, primar-
ily in the context of the GA, are presented in the following
section.

Enhancements to GA
The basic GA approach as described here is merely the tip

of the iceberg. In fields of computer and system science, GAs
have been actively researched. The mathematical basis of the
approach has been explored in a number of publications.46"49

The focus in this paper is to highlight those modifications to the
basic GA approach have been proposed as a means to ease the
applicability of the method to MDO problems. These include
direct schemes by which to account for design constraints,50'51

increased efficiency in the presence of long chromosomal
strings,11 applications in multicriterion design,52'53 and adaptation
into a decomposition-based design strategy.54'55 We examine
each of these issues in subsequent sections of the paper.

Constraint Handling
If the traditional GA formulation is to be used in constrained

optimization, the scalar fitness function is typically formulated
as a composite of the objective and constraint functions. A re-
view of the literature pertaining to constraint handling in GA is
presented in Ref. 50. This study established the sensitivity of
the penalty function approach to the choice of user-specified
weighting constants, and which resulted in biasing the search
toward suboptimal designs. Another strategy to account for de-
sign constraints that assumed that the constraints were linear
and that the design space was convex, was explored in Ref. 51.

An alternative to the penalty function approach is based on
strategies that adapt useful features of the feasible designs into
the infeasible population. The process of adaptation is through
the use of an expression operator, which like the crossover and
mutation operations in genetic search, is probabilistic in nature.
Feasible and infeasible design strings are brought together as
a diploid pair, and the expressed gene at each site results in
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an expressed chromosome that replaces the infeasible design.
A similar process of adaptation is also at work in another strat-
egy that is based on immune network simulation.15 Both of
these schemes, which enhance the effectiveness of constraint
handling in GAs, can be described as belonging to a category
of gene-repair methods,56 wherein some faulty genes that con-
tribute to constraint violation are replaced with minimal
change in the objective function value.

GAs in Multicriterion Design
In a number of MDO design problems, the statement of the

optimization problem calls for allocation of resources in a
manner that satisfies multiple, and sometimes conflicting cri-
teria. A commonly adopted approach is to treat one of the
multiple criteria as the scalar objective function for the prob-
lem, and to formulate appropriate design constraints to accom-
modate the requirements on the other criteria. While the ap-
parent simplicity afforded by this approach is quite attractive,
affective arguments can be made against its use. At a philo-
sophical level, one can always contend that there is a natural
separation of criteria and constraints in any design problem.
Additionally, when one formulates criteria as constraints, the
ability to learn about the extent of the feasible set is seriously
compromised. In other words, a multiple criterion approach
offers a solution in which a tradeoff pattern emerges, indicating
how improvement in any one criterion would adversely affect
another criterion. Finally, it is also known that the treatment
of criterion as constraints does not yield the same optimal de-
sign as when solving the multicriterion problem.

While a number of gradient-based search algorithms have
been developed to address the multicriterion problem, our in-
terest here is in nongradient methods applicable to problems
with a mix of continuous, discrete, and integer design varia-
bles. The GA approach has been adapted in this problem in
some recent studies. In Ref. 52, the ability of GAs to simul-
taneously discover multiple relative optima through the sharing
function approach,57 and an approach referred to as vector-
evaluated GA (VEGA58), are exploited to solve multicriterion
structural design problems. Another adaptation of the GA in
multicriterion problems is available in Ref. 59. The GA-based
simulation of the biological immune system has also been used
in the solution of the multicriterion design problem.59

GAs in Large-Scale Problems
It is most critical to recognize that GAs essentially search

for an optimal design among a discrete set of design alterna-
tives. Even continuous variables are treated as discrete varia-
bles with the precision of representation given by the binary
string length. Long string lengths obtained by concatenating
the string representations of a large number of design varia-
bles, and/or considering a very fine precision in design variable
representation imply a larger number of design alternatives,
which, in turn, requires that the population size be proportion-
ately increased.

A multistage search,11 wherein the granularity of the GA-
based search is varied through a successive increase in the
precision with which a design space is represented, provides
one alternative to working with large population sizes. In this
approach, a relatively smaller population is first used to iden-
tify promising regions of the design space; the design space
itself is represented in a coarse granular manner in this early
stage. Once the promising regions of the search space are iden-
tified, a biased search with higher precision of design-space
representation is conducted within those regions. Similar ideas
have been studied under the banner of dynamic parameter en-
coding.60

Another approach that assigns significance to the previous
generations of evolution in genetic search is referred to as
directed crossover.11 In theory, if a binary string of length L is
used for representing the design, a population size that is in
proportion to the string length would have to be selected. If

however, only a smaller fraction, isig*L of the bits in the string
were really significant to the search process, the population
size could be reduced accordingly. The primary motivation be-
hind the directed crossover strategy, therefore, is to identify
significant bit position on the string, and to constrain the cross-
over operation to these bit locations. The process is initiated
in the usual manner with random selection of crossover sites
on the mating strings, and with no preference allocated to any
particular site. After the crossover operation, the fitness change
of each mating pair is recorded. Use these fitness changes, a
crossover gain is assigned to each bit involved in the crossover.
The crossover gains are accumulated over a few initial cycles
of evolution, and then used to perform two-point or multipoint
crossover operations.

Finally, it is worthwhile to point out that preliminary studies
have indicated a role for immune network modeling as an ap-
proach to enhance the convergence characteristics of GAs in
large-scale design problems.61

Parallel GAs
The implementation of GAs in parallel has been the subject

of considerable research. At the very outset, it is important to
make the distinction between use of multiprocessor computers
to make the analysis involved in GAs more efficient, and the
use of such computers to give new slant to the GA procedure
itself. The latter, termed parallel genetic algorithm (PGA)62'63

has two major differences from the traditional GA.
1) The population is divided into a number of sectors, and

mating is restricted to members in a particular sector; minimal
migration of members from one sector to another is permitted.
Also, as a result of some overlap among the sectors, infor-
mation flows out to the whole population through a diffusion
process.

2) Each individual may improve its fitness during its life-
time, e.g., by local hill-climbing. After such local hill-climb-
ing, it mates with an individual in its vicinity, with the off-
spring being subjected to further hill-climbing. The child may
then replace the parent, depending on fitness value.

The primary difference between PGA and GA is that the
former uses few intelligent and active members in the search
as opposed to the latter that uses more, but passive, members
to conduct the search. In fact, the power of the PGA stems
from a combination of the processing speed of parallel hard-
ware and software speed on the inherent parallelism available
in the GA.

While the mechanics of implementing these search strategies
are simple, there are some key differences from traditional
methods to which a few of the strengths may be attributed.
First, these methods work on function evaluations alone and
do not require function gradients; gradients may direct the
search toward a local optimum. The methods are easily applied
to problems where the design space consists of a mix of con-
tinuous, discrete, and integer variables. Finally, it is important
to recognize that methods inspired by natural evolution pro-
ceed from several points in the design space to another such
set of design points. Because the information for this update
is drawn from several points distributed through the design
space, these methods have a better probability of locating
global minima as opposed to those schemes that conduct a
point-to-point search.

The usefulness of stochastic search methods in MDO prob-
lems is severely limited without the use of global function
approximations. Given that these methods are primarily based
on the use of function information only, the use of response
surface-based approximations is a viable option. The use of
these response surfaces, however, requires that the order of the
surface be first specified. Neural network-based function ap-
proximations have also been extensively explored in this con-
text, and are briefly discussed in what follows.
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Function Approximations — Response Surfaces
and Neural Networks

Response surfaces are obtained by fitting a chosen-order
polynomial model to given experimental or numeric data.
When building a multiple regression or response surface, care
must be exercised in determining which terms participate in
the regression model. For example, with two variables Xi and
jc2» a quadratic response variation y can be written as follows:

£2X2 (7)

where /3 are the constants to be determined using the given
data. It is conceivable that not all terms in Eq. (7) may con-
tribute to modeling the actual response. If these terms are ar-
bitrarily forced into the regression, the generalization capabil-
ities of the regression would be compromised; a number of
techniques are available for identifying the terms that should
be included to obtain an optimal fit.

The data used in the regression are obtained by sampling
the design space at a predetermined number of points. The
collection of data by designed experiments that places empha-
sis on satisfactory distribution over the domain of interest, al-
lows for designs of increasing order to be built sequentially,
provides an internal estimate of error, and requires the least
number of experimental runs, has been proposed.64'65 The re-
sponse surface approach has been used in a number of opti-
mization studies.66'67 Several references on the subject are
available in Ref. 68, which itself deals with the subject of
response surface use in aircraft design. References 69 and 70
detail applications of the response surface approach in multi-
disciplinary design of the high-speed civil transport. The prin-
cipal drawback of using the approach is that the user must
specify the order of the fit. Further, as problem dimensionality
increases, response surface models are imprecise and very dif-
ficult to generate.

We next turn to the use of another global-approximation
paradigm, namely, the artificial neural network. While a de-
tailed description of neural networks is beyond the scope of
this paper, some general introductory statements are in order.
As shown in Fig. 3, the network architecture consists of a layer
of artificial neurons to which the external stimuli are presented,
a series of hidden layers of artificial neurons, and a layer of
neurons at which the output is available. The input neurons do
not process the input stimulus; they simply serve as fan-out
points for connections to neurons in successive layers. Neurons
in each layer are connected to all neurons in adjacent layers;
there is an interconnection weight associated with this con-
nection that defines the strength of the connection. Also as-
sociated with each artificial neuron is what is referred to as an
activation function (sigmoid function or step function). The
weighted sum of all inputs to a particular neuron are processed
through this nonlinear activation function to produce a neuron
output, which then feeds into all neurons of the next layer.

The presence of the hidden layer, and the nonlinear activa-
tion functions, enhance the ability of the networks to learn
nonlinear relationships between the presented input and output
quantities. This learning or training in these networks simply
requires the determination of all interconnection weights of the
network and characteristics of all activation functions, so that
the network accurately produces the desired output for each of

the input patterns used in the training. Once such a trained
network is established, it responds to a new input within the
domain of its training by producing an estimate of the output
response. To this extent, it serves as a function approximation
tool that provides inexpensive function information in the
stochastic sampling-based search procedures.71 The trained
weights of this network can also be used to identify depend-
encies among design variables and design objectives/con-
straints.16'72 This weight analysis may be considered as a
smeared global sensitivity over the range of network training,
and identifies the importance of any input component on an
output quantity of interest. Such an analysis can be used to
systematically partition the design space in a decomposition-
based design approach. The use of GAs in such a strategy is
explored in a later section.

The use of neural networks may be considered as a response
surface approach, where the order of the polynomial fitting
function does not have to be specified. In fact, the neural net-
work is a special form of response surface where the response
function is a nested squashing function; the interconnection
weights correspond to the regression parameters in a typical
regression model. The polynomial regression models are good
for linear mappings, but difficult, if not impractical for large
dimensionality, nonlinear mappings. If, for example, a matrix
inversion approach is used to solve for the regression param-
eters, then with NPAR parameters, the modeling capacity
would be approximately proportional to the square root of the
memory size. The neural network approach has no such re-
striction, and the modeling capacity would be proportional to
the actual memory size. In other words, if a polynomial model
using inverse methods is used to derive a mapping, it could
afford at most NPAR parameters, whereas the back propagation
neural network would allow the use of (NPAR X NPAR) pa-
rameters.

GAs in Decomposition-Based Design
An alternative approach to adapting GA search for large-

scale design problems is based on partitioning the problem into
an appropriate number of subproblems; a reasonable approach
for partitioning is one where balanced subsets of design vari-
ables are assigned to different subproblems, and where each
subproblem would be responsible for meeting the system-level
design objectives and for satisfying constraints most critically
affected by the design variables of that subproblem. A formal
manner of partitioning the problem has been presented in Ref.
54, where causality in the design domain is obtained through
the use of trained neural networks.

Consider the design problem to be formulated in terms of a
design variable vector X. Also, let the design constraints gj(X)
belong to the global constraint set G. The vector X and con-
straint set G are said to define a system level problem that is
formulated as follows:

min or max F(X)

subject to G = [gj(X)9 j=l ... NCON] < 0
(8)

Assume further that the best topology for decomposing the
problem domain resulted in three subproblems A, #, and C,
and the design variables and constraints for each of these sub-
problems are denoted by XA, XB, Xc, and gA, gB, and gc, re-
spectively. The objective function F(X) for each of the sub-
problems is the same, and is the system level objective
function. The system level problem of Eq. (8) is now repre-
sented by the following three subproblems:

I Layer II Layer h Layer

Fig. 3 Back propagation network.

min or max F(X)

subject to gi(Xi)Q, Xk = const

i, k = A, #, or C, i*k

(9)
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The GA strategy in each subproblem works with shorter
string lengths, and, hence, smaller population sizes are re-
quired in each subproblem. The principal challenge in this
approach is that the constraint sets identified for a particular
subproblem, are not completely independent of the design var-
iables that may have been assigned to another subproblem.
One strategy that allows for subproblem coordination is based
on the simulation of a biological immune system.

Immune Network Modeling
In biological immune systems, foreign cells and molecules,

denoted as antigens, are recognized and eliminated by type-
specific antibodies. This pattern recognition capability is im-
pressive, given that the genome contains about 105 genes, and
the immune system must use segments of these to construct
antibodies for all possible antigens that are likely to be en-
countered. In biological systems, this recognition problem
translates into a complex geometry-matching process. For the
process to effectively use the available genetic resources in
this pattern-recognition process, there must be considerable or-
ganization and cooperation among the gene libraries.

This process can be simulated using the GA approach, and
has been the subject of considerable study.61'73'76 Here, a
matching function that measures the similarities between an-
tibodies and antigens substitutes for the fitness function of the
GA. Specialist antibodies adapted to specific antigens, or gen-
eralists, that provide the best match to a number of different
antigens, can be developed in this simulation. The use of bi-
nary string structures to represent both the antigens and anti-
bodies provides a seamless integration into the proposed GA-
based design optimization. Various levels of complexity can
be introduced in developing a numerical measure of the degree
of match, including the number of matches on a bit-by-bit
basis and the length of contiguously matched strings. A simple
numerical measure Z defined as

(10)

can be used, where Nstring is the length of strings in the binary
representation of design variables, and tf = 1 if there is a match
at the /th location of the two strings, and is 0 otherwise (Fig.
4). A larger value of Z indicates a higher degree of match
between the two strings over the entire antigens. Using a tra-
ditional GA simulation, a population of antibodies can be
evolved to cover a specified pool of antigens, with Z used as
the fitness measure for this simulation.

In using this approach to account for interactions among
temporarily decoupled subproblems, the motivation is to adapt
changes in design variables from other subproblems into a par-
ticular subproblem with a prescribed frequency in the artificial
evolution process. This adaptation must proceed under two
guiding principles:

1) Updating the design variables of other subproblems must
not simply involve introducing the best design from those sub-
problems, but rather an average of the best few designs. In
this regard, a generalist antibody would be developed that is
the best representation of a number of good designs.

Antibodies
Antigens

W10011010100,10001000000) +
S(00111001010,10001000000) +
£(00010011000,10001000000) = 8+6+6

Fig. 4 Matchscore computation.

2) The updating scheme of step 1 would also be influenced
by requiring that the difference among the objective function
values from the different subproblems be minimized.

While the requirement of step 2 can be explicitly included
into the fitness function for the immune network simulation, it
is not required, as this requirement is implicitly satisfied by
the adaptation process in the first step. In fact, this is a much
more cost-effective strategy as it precludes the computation of
any objective function other than the matching function in the
immune network simulation.

The proposed decomposition-based design procedure using
an immune network system may be summarized as follows.
The stringlike chromosome structure representing the design
contains a definition of all design variables. After partitioning
of the design variable vector for each subsystem has been per-
formed, genetic evolution is carried out in each subsystem in
parallel, with the fitness function described in terms of the
system level objective function. It should be noted that only
that subsection of the chromosome string corresponding to the
design variables for that particular subsystem is changed. This
process can be carried out for a fixed number of generations,
and then a predetermined fraction of fit strings from each sub-
system introduced as antigens to all other subsystems. An im-
mune system simulation is then performed, and serves as a
correction step that introduces compatibility between the dif-
ferent subpopulations, so that the process eventually converges
on the desired design. The approach has been used in the mul-
tidisciplinary design of rotor blades,54 and in a dual structure-
control optimization problem.77

Heuristic Methods in Design
With an increased acceptance of optimization methods in

industry, heuristic techniques have assumed importance in the
research community. This section provides an overview of
heuristic methods that may be considered as an advancement
over the traditional rule-based expert systems.

Tabu Search
Approach

Tabu search is an adaptive strategy that was primarily de-
signed for combinatorial problems. The principal attributes of
the method is its ability to continue exploration with a hill-
descending search algorithm, even in the absence of improve-
ments in the objective function, and its ability to avoid local
optima that it may have found but later rejected. It uses short-
term memory of recent solutions and strategies to impose
move restrictions.

Assume that a cost function c(x) is to be minimized, and x
is a member of X that may include constraints on x. A neigh-
borhood N(x) is defined in which an improved solution is
searched. In general, the solution is found from a modified
neighborhood MN(x), which contains those solution points that
are allowed or are non-Tabu. A Tabu list is thus maintained,
and while initially, this list would be a subset of the neigh-
borhood points, it is ultimately replaced by a number of pre-
viously identified elite solutions. It is this Tabu list that pre-
vents cycling of solutions as well as avoids convergence to
local optima. The list is dynamic and incorporates issues re-
lated to both short-term, and mid-to-long-term memory. Tabu
Search also uses memory to modify the cost function, c(x)'9 the
history of moves is therefore used to encourage or penalize
emergence of solutions. In problems where the neighborhood
is large or costly to examine, a subset of candidates represen-
tative of MN(x) is created. Randomization may or may not be
used as a search tool.

The Tabu list is not completely binding, and moves on this
list are allowed if aspiration-criteria so warrants it. One such
aspiration criterion could be the best-solution criterion; here,
if a solution on the Tabu list yields a better solution than one
encountered before, it is accepted. Other aspiration criteria in-
clude aspiration by objectives, aspiration by search direction,
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aspiration by influence, etc. A more detailed description of this
approach is available in Refs. 78 and 79. Applications of this
approach to scheduling problems in manufacturing are avail-
able in Refs. 80 and 81.

Status and Potential
Technique is comparatively new and many variations are

still being explored. It is somewhat difficult to even find a
single accepted implementation of the approach. Like the SA
and GA, it provides an approach to overcome the problem of
relative optima.

Hybrid Expert-System/Numerical Optimization
In design problems, where different subset of design varia-

bles are dominant in different regions of the search space, the
problem complexity can be controlled by dynamically select-
ing and retaining only the dominant variables at any given
stage of the search. A rule-based search coupled with numer-
ical optimization has been used in one such problem involving
turbine blade design,82 with the design engineer implementing
a static rule base.

Consider a design problem where the objective is to maxi-
mize the turbine performance of a three-stage power turbine,
using as design variables the stage reactions, and the blade and
vane Zwiefel numbers. Constraints included in this problem
pertain to upper and lower bounds on turning and swirl at stage
exit for each of the three stages. Examples of typical rules
directed at the objective function and at constraint satisfaction
are as follows:

Goal: Increase Efficiency

Weight: 1.0
Conditions: Current design is in Cluster 1

Actions: Increase Stage-3 Blade-Zwiefel

Decrease Stage-2 Blade-Zwiefel

Decrease Stage-2 Reaction

Increase Stage-1 Blade-Zwiefel

Goal: Increase Stage-3 Swirl

Weight: 1.0

Conditions: Current Design is in Cluster 1

Actions: Decrease Stage-3 Blade-Zwiefel

Decrease Stage-3 Vane-Zwiefel

Increase Stage-2 Blade-Zwiefel

It is clear, however, that rules would have different strengths
in different parts of the design domain, and such information
can be derived from causal relations extracted from trained
neural networks, as described in Ref. 72. Using this data, rules
were generated for each cluster, which were then executed in
a prioritized manner based on the dominance established
through the weight analysis. An example of the modified rule
is as follows:

Goal: Increase Efficiency

Weight: 1.0

Conditions: Current Design is in Cluster 1

Actions: Increase Stage-3 Blade-Zwiefel

Decrease Stage-2 Blade-Zwiefel

Increase Stage-3 Reactions

Decrease Stage-1 Blade-Zwiefel

Increase Stage-1 Reaction

This approach was shown to significantly enhance the effi-
ciency of the computational process15 involved in obtaining an
optimized design.

Classifier Systems in Design
A solution strategy that exhibits a significant degree of adap-

tivity is one based on the use of classifier systems. Classifier
systems, first described by Holland,83 have been studied exten-
sively in the field of computer science.84'85 Their proposed ad-
aptation in MDO problems is a novel concept, and targets the
shortcomings in a traditional rule-based system. Here, a set of
rudimentary rules initially defined by the user (could be ran-
dom) are adaptively changed as the solution progresses. In-
formation from the computational domain is used in this ad-
aptation process.

A classifier system is generally divided into two parts: a set
of rules or classifiers, and a message list. The message list
contains at least one input from the external environment and
also provides the framework for the rules to interact (any rules
generated internally are posted here as well). Hence, the mes-
sage list is dynamic in nature, constantly evolving as the sys-
tem changes. The classifier rules are made up of three distinct
segments: conditions, actions, and strength. To facilitate the
use of GAs in this approach, all rules are coded as binary
strings. The conditions allow the classifier to read the message
list by searching for matches between the condition and the
message list. If a match is found, the action is posted to the
message list. Some rules have the special role of affecting
external action (effectors). The strength is a number associated
with each rule designed to indicate its value to the systems,
and it forms the basis for learning. If a rule helps bring about
useful responses, it gains strength. Similarly, an ineffective rule
is weakened and perhaps ultimately purged from the system.
The usefulness of a rule is measured by the performance of
the system based on external outputs. When a useful output
takes place, the responsible rules are rewarded, and their
strength is proportionately increased. The strength of the pro-
posed approach would be to introduce new rules into the sys-
tem based on principles of genetic search—the use of genetic
operators to produce new rules is the creative element of the
approach.

Applications of this approach to a problem of truss optimi-
zation, and determining how data must be distributed in a de-
sign domain to generate acceptable function approximations
(polynomial response surfaces), are presented in Refs. 16 and
86. Additional studies are also being conducted to examine the
applicability of this approach in decomposition-based design,
and in the multidisciplinary design of turbine blades.87

Conclusions
The paper provides a general overview of nongradient meth-

ods in the optimal design of multidisciplinary systems, with a
focus on techniques that are broadly described as soft-com-
puting methods. The methods discussed include heuristic strat-
egies, those based on random sampling, or a combination of
the two. They have a clear role in handling design optimization
problems with nonconvex or disjoint design spaces, and where
the design space is a mix of continuous, discrete, or integer
design variables. Additional studies are required in making
these methods more amenable to large-scale design problems,
and in reducing the effort involved in problems where each
function evaluation is computationally demanding.
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